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Nomenclature
= dimensionless group, Eq. (22)
= dimensionless group, Eq. (6)
» = specific heat of pipe fluid
g = acceleration of gravity
H  =length of pipe
h = heat-transfer coefficient
K = permeability of porous material
k
Nu

@

]

= thermal conductivity
= Nusselt number
Pe = Peclet number, Eq. (8)

Pr = Prandtl number -

q = heat flux perpendicular to flow direction
R =radius of pipe

r = radial direction, Fig. 1

Ra, = Darcy modified Rayleigh number, Eq. (13)
T, = mean temperature of the pipe fluid, 2/R2U &, t,r dr
T, = temperature of the fluid in the insulation
= temperature

= mean velocity of pipe fluid

= velocity component in the x direction

= velocity component in the y direction

= coordinate parallel to flow direction

= coordinate perpendicular to flow direction
= thermal diffusivity of pipe fluid

= coefficient of thermal expansion

= Oseen function

= kinematic viscosity

= fluid density

= dimensionless temperature
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Subscripts

= cold

= inner surface of pipe

= outer surface of pipe

= pipe wall

= dimensional variable

= reservoir condition far away from the pipe
= pipe fluid

= reservoir fluid
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Introduction

ONJUGATE heat transfer finds numerous applications

in thermal engineering. It is because of this reason that
conjugate heat transfer has been the main focal point in sev-
eral investigations over the past few decades. Since convection
is a common heat-transfer mode, it is reasonable to expect that
it often constitutes one of the two or more interweaving modes
(mechanisms) in conjugate heat-transfer applications. For ex-
ample, Poulikakos! studied theoretically the problem of natu-
ral convection along a vertical conductive wall coupled with
film condensation on the other side of this wall. He deter-
mined the parametric domain over which the two coupled
phenomena (natural convection and condensation) seriously
affect each other as well as the overall heat transfer through
the wall. In a related study, Poulikakos and Sura? investigated
the interaction between condensation inside a vertical layer of
insulation and natural convection at the surface of the insula-
tion. Faghri and Sparrow? examined theoretically the coupling
of condensation on a pipe and forced convection of a fluid
inside the pipe. Also theoretical is the work of Bejan and
Anderson,*’ who investigated the problem of natural convec-
tion along the impermeable interface of two fluid reservoirs*
and a porous and fluid reservoir,’ respectively. In the work of
Bejan and Anderson,*® the coupling was between two differ-
ent counter-flowing boundary layers.

The present Note investigates the problem of interaction
(coupling) of forced convection inside a vertical pipe and
natural convection outside the pipe, where the pipe is sur-
rounded by permeable insulation. This analysis finds applica-
tions in the design of insulation jackets for pipes, where the
insulation can be modeled as an isotropic porous medium. It
also provides the means for calculating heat-transfer gains or
losses from a buried vertical pipe. Both the cases of counter
flow and parallel flow are considered. Clearly, the heat trans-
fer through the pipe wall is a direct result of the interaction
between the forced convection inside the pipe and the natural
convection outside the pipe.

Formulation and Analysis

Consider the system shown in Fig. la. A warm fluid is
flowing inside a vertical conductive pipe opposite to the direc-
tion of gravity. The pipe is surrounded by a porous material
saturated with a colder fluid, which is assumed to be in ther-
mal equilibrium with the porous matrix. The heating effect of
the forced convection in the pipe is responsible for the estab-
lishment of temperature gradients inside the porous reservoir.
These gradients in turn trigger a natural convection flow in the
direction opposite to gravity. Clearly, the temperature of the
fluid in the pipe varies along the flow passage as does the wall
temperature and the temperature difference across the natural
convection current, which is assumed to be of the boundary-
layer type. Therefore, the local and overall heat transfer from
the fluid in the pipe to the porous material depends on the
preceding conjugate heat-transfer mechanisms (natural con-
vection and forced convection). Figure 1b pertains to the same
phenomenon just explained with the difference that the fluid
in the pipe and the fluid in the reservoir are flowing in the
opposite direction (counterflow configuration).

To formulate the problem mathematically, we will focus
first on the forced-convection side and next on the natural-
convection side of the parallel-flow configuration in Fig. 1a.

Forced Convection Inside the Pipe

At any axial position the heat-transfer rate from the forced-
convection side through the pipe wall to the natural-convec-
tion side is
27k,
" t(R;/R,)
The heat-transfer rate convected to the inner surface of the
pipe over a length dx* is

dg =2xRh; (T\ — T,,) dx* 93]

dg (T, - T,,) dx* M
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Fig. 1 Schematic of the system: a) cross section of the parallel-flow
configuration; and b) cross section of the counter-flow configuration.

Next, stating that the heat-transfer rate leaving a volume of
fluid of length dx* in the pipe equals the heat-transfer rate
convected to the inner surface of the pipe of length dx* yields

dT,
ey Ex—"l‘ = 2xRh; (T) — T.,) dx* 3)

In the formulation above, the axial conduction in the fluid and
the pipe wall have been neglected as is customarily done in
pipe flow analyses. In addition, the turbulent heat-transfer
coefficient for pipe flow 4; is assumed constant because of the
fact that for turbulent pipe flows the thermal entrance length
is very short and the coefficient is rather insensitive to the
thermal boundary condition at the wall.? The preceding as-
sumption is less valid for laminar pipe flow. All of the quanti-
ties in Eqs. (1-3), as well as in all of the equations to follow,
are clearly defined-in the nomenclature. Eliminating 7', from
Egs. (1-3) and casting the resulting equation in dimensionless
form yields

de
—d_.x—] = — B(6, - 6,) @

The nondimensionalization was carried out utilizing the fol-
lowing definitions:

x* T,~T. T,, —T.
x:—-’ =, = 5
H T T, - T, T T, - T. ©)

A dimensionless group appeared as a result of the nondimen-
sionalization.

R,' R,' k] -1
B= — ;
{pe [211 N + a8 kwen(Ro/R,)B (6)
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In Eq. (6), the Nusselt and the Peclet numbers are defined as

2hR;
Nuy = =5 7
u; k, )
pe = 2UR ®)
(23]

Natural Convection in the Porous Material

The coordinate system for the following analysis is shown in
Fig. 1. Following the Darcy flow model, the governing
boundary-layer equations for natural convection in a porous
medium for the given geometry can be written in dimension-
less form as

du av
wtay =0 ©®)
ou 46,
— = 10
a9y (10)
a6 2
u—2 % — ?& an

+
ax Vay | ay?

The following dimensionless parameters were used in addition
to those already defined in Eq. (5):

y =y*/6, u=u*s’/aH
v=v*/a, 0,=(T:—-T)/(T),—-T.), 6=HRa~ 2 (12)

where

KH
$BKH o 1) (13)

av

Raxk =

is the Darcy-modified Rayleigh number based on the height H
and overall temperature difference AT. The horizontal length
scale 6 was determined from a scale analysis as outlined by
Weber. In order to arrive at Eq. (10), the vertical and hori-
zontal pressure gradients were eliminated from the Darcy mo-
mentum equations, and the Boussinesq approximation was
then used to eliminate the density in favor of the temperature
variable 6,. According to the Boussinesq approximation, the
density is assumed constant in all terms except the buoyancy
term, where it is assumed to depend linearly on temperature
{p = pc[1 —B(T>— T.)}}. The boundary conditions for the
porous side complete the mathematical formulation of the

problem.
Aty =0:
u = uy, v =0, 62 = Bo(x) (14)
At y —o0;
u=0, 0,=0 (15)

To obtain solutions for the equations governing fluid and
energy transport in the porous material, we follow the Oseen
linearization technique first demonstrated in natural convec-
tion analysis by Gill.” No details will be given here. All of the
details are reported in references such as Poulikakos,' Pou-
likakos and Sura,? Bejan and Anderson,’ and Libera.® The
final expressions for the temperature and velocity distribu-
tions are

U =0~V (16)
8y = O~V amn

In order to determine the unknown functions 6y(x) and A(x),
we require that Egs. (16) and (17) satisfy Eq. (11) integrated
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across the boundary layer, which amounts to satisfying the
following integral equation:

d|” a0, |~
——j ub, dy +|v6,|§ = a_yz

& ), 18)

Combining Eqs. (16-18), we derive the following differential
equation relating the unknown functions y(x) and A(x):

d/e
—_1 —= —_— — 1
<2 ) Ny=0 (19)

To complete the analysis, we invoke the heat-flux matching
condition at the outer surface of the pipe:

27k, dx*

T,
——(T,,. — T, )= — 27Ry dx*k; | — 20
e"(Ro/Ri)( ; wy) TRy 2( )y‘=0 (20)

ay*

Eliminating 7,,, from Eq. (20), using Egs. (1) and (2), and
casting the result into dimensionless form yields

l(0 0o) = N0 Q@n
A 1 o) — 0

where we have introduced a second dimensionless group A
defined as

4R, ky , _, R; R; <R>
A=(Lelpe-n) | i D g (e 2
<R; P > [ZHNu,- 4Hk, " \R; 22)

Combining Egs. (4), (19), and (21) yields

dfy 2 (6, -6’ _390(91‘90)

dx  A262(30,—200) = (36, — 26)

(23)

We have thus attained a relationship between 6, and 0, in
terms of a set of two first-order nonlinear differential equa-
tions [Eqgs. (4) and (23)]. The dimensionless boundary condi-
tions that complete the mathematical statement of the prob-
lem are

Atx =0:

6o =0, 6 =1 24)

Before proceeding with the numerical solution, it is worth
commenting once more on the major simplifying assumptions
inherent in the model just described. These assumptions are
common in convection and porous media heat-transfer stud-
ies.2>? However, a brief discussion and justification will add
clarity to the presentation. First, the thickness of the porous
layer was assumed to be large (infinite) compared to the
boundary layer. Considering the fact that the thermal
boundary layer is usually very thin, we can conclude that this
assumption holds even for moderately thick insulations. Sec-
ond, in most pipe networks, the pipe length is much greater
than the pipe wall thickness. Therefore, the assumption of
one-dimensional conduction is justified. Third, the existence
of natural convection of the boundary-layer type in insula-
tions and geothermal systems is a proven fact, and consider-
able research effort has been dedicated to its study, as exem-
plified by Refs. 2, 4, 5, 9 and references therein.

The system of Eqs. (4), (23), and (24) was solved numeri-
cally yielding 6, (x) and 8, (x). For the numerical solution, the
fourth-order Runge-Kutta method was used. However, in-
specting the right-hand side of Eq. (3) shows that the first term
has a singularity for 8; = 0. To deal with this situation, a very
small value of 6, was used to approximate zero. Regarding the
increments in x, it was found necessary to begin the integra-
tion with an x increment as small as Ax = 1010, As the value
0 increased, the effects of the singularity on the integration
process disappeared and the value of the x increment was
increased to speed up the integration process.

The analysis for the counter-flow configuration is nearly
identical to that of the parallel-flow configuration, the only
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difference being the addition of a minus sign on the left-hand
side of Eq. (3). As a result, in the dimensionless equations
[Egs. (4) and (23)], the parameter B needs to be replaced by
— B to obtain the differential equations for 6, and 6, govern-
ing the counterflow configuration. The boundary conditions
for the counterflow case are

At x =0:

0=0 (25a)
At x =1:
6, =1 (25b)

The equations governing the counter-flow case were solved by
an integration method similar to that for the parallel-flow
configuration. However, since the boundary conditions [Eqs.
(25)] show that we do not have two conditions at the same x
point, a shooting method must be employed to solve these
equations. The value of 6, at x =1 was guessed, and the
integration proceeded from x = 1 to x = 0. The value of 6, was
then checked against zero, and the process was repeated,
adjusting the guessed value of 8, (1) until Eq. (25a) for 6, was
satisfied. It was found that 1000 equal increments of x be-
tween zero and one were sufficient to provide accurate results
in the integration.

Results and Discussion
The solution of Egs. (4) and (23) was carried out for a wide
cross section of values for A and B. A summary of the more
important results is presented here.
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Fig. 2 Temperature profiles for 6 (x) —, and 6 (x)-—- for

characteristic vaiues of B: a) counter-flow and b) parallel flow.
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Fig. 3. Temperature profiles for fp(x) —, and #;(x)--— for char-

acteristic values of 4: a) counter-flow and b) parallel flow.

Figure 2a pertains to the counter-flow case and shows the
variation of the mean temperature of the fluid in the pipe (8,)
as well as the variation of the temperature of the outer surface
of the pipe (6,) with distance x, for characteristic values of B.
As we move from the pipe inlet {(x = 1) to the pipe exit (x = 0),
6, decreases monotonically. This decrease becomes drastic as
parameter B increases. On the other hand, as B decreases the
dependence of 6, on x weakens to the point where for B = 0.1,
the mean temperature of the fluid in the pipe is practically
independent of x and equal to the inlet temperature. By exam-
ining Egs. (6) and (20), one realizes that decreasing B while
keeping A constant is equivalent to increasing the Peclet num-
ber or the flow rate in the pipe while keeping all of the
remaining parameters constant. Increasing the flow rate is
then responsible for the reduction of the drop in the fluid
temperature along the pipe.

The wall temperature 6, decreases monotonically from inlet
to outlet (Fig. 2a). As B decreases, the wall temperature in-
creases rapidly (exponentially) over a small distance near the
pipe exit (x = 0) and weakly thereafter. Except for a small
region near the pipe inlet, the local difference between the
mean fluid temperature in the pipe 6, and the outer wall
temperature 0, increases at any x as parameter B decreases.
Therefore, the local heat transfer is expected to increase with
decreasing parameter B.

Figure 2b shows the effect of parameter B for the parallel-
flow case. Almost all of the preceding observations made
regarding the counter-flow case are valid here as well and will
not be repeated for brevity. A new feature, however, is that
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for high values of B the dependence of 6, on x is not
monotonic; i.e., 8, increases as we move away from the inlet,
attains a maximum value, and thereafter decreases. This max-
imum occurs closer to the inlet as the value of B increases. The
reason for the existence of the maximum of 8, is that the
temperature of the outer wall surface has to increase initially
to respond to the heating effect of the fluid in the pipe. As we
move downstream, the fluid in the pipe gradually loses its
energy, until at it attains the temperature of the cold reservoir
(8, = 0). Naturally, the temperature of the pipe wall also
shows this trend by starting to decrease until very far from the
inlet it also approaches the reservoir temperature.

Figure 3 illustrates the effect of the parameter 4. In the
counter-flow case (Fig. 3a), increasing A decreases both the
mean fluid temperature ¢, and the wall temperature 6, at any
given location. As A approaches zero, both 6, and 6, vary
weakly with x. From Eqs. (6) and (20), we see that decreasing
parameter A while keeping B constant is equivalent to decreas-
ing the ratio k./k, or the effective conductivity of the porous
material, thus explaining the observed trend. Similar observa-
tions are made in Fig. 3b relevant to the parallel-flow case.
The maxima on the 6, curves, just discussed with reference to
Fig. 2b, are again observed.

It is of engineering interest to calculate the effect of both the
dimensionless groups in the problem (4 and B) on the overall
heat flux from the pipe to the surrounding fluid. This is
achieved with help of the overall Nusselt number.

Ny =—— (26)

where the average outer heat-transfer coefficient A, is defined

by
T,
— k| =2
1 j\H 2<3y*>y*=

=— % dx* 27
b= o (T,—-T) dx @7

In dimensionless form, after combining Eqgs. (24) and (25), the
expression for the Nusselt number is

Ra” {' (6, — 0
=— | LDy 28
Nu="4 So o @9

After 6y(x) and 6,(x) were obtained, Eq. (26) was integrated
numerically to yield the value of Nu.

Figure 4 shows that Nu decreases as the parameter A in-
creases. As A approaches zero, the value Nu = Ra* is at-
tained in both the parallel- and counter-flow cases for all
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Fig. 4 Heat-transfer results showing the dependence of Nu on the
parameters 4 and B for both counter-flow — and parallel flow----.
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values of B. This value corresponds to natural convection
from an isothermal flat plate embedded in a porous medium
as obtained using the Oseen linearization.’ A similarity (exact)
solution to this problem was performed by Cheng and
Mikowycz® yvielding Nu = 0.888 Ra,”. In the other extreme, as
A becomes very large, the overall heat transfer diminishes for
all values of the wall conductivity and therefore the thermal
communication between the pipe fluid and the porous mate-
rial. In all cases, the counter-flow configuration yields a
higher overall heat flux than the parallel-flow configuration.
This effect, however, weakens as the parameter B decreases,
such that for values of B<0.1 the overall heat transfer
through the pipe is identical for both cases. Note that decreas-
ing B while keeping 4 constant is equivalent to increasing the
flow rate in the pipe.

Conclusions

In this technical Note, a simple yet reliable analysis was
presented for the problem of counter-flow and parallel-flow
convection in a vertical pipe surrounded by a porous material.
Important results revealed interesting features of the tempera-
ture distribution of the pipe outer surface, of the mean fluid
temperature in the pipe, and of the overall heat flux from the
pipe to the surroundings. As the values of parameters 4 and B
approach zero, the outer pipe surface approached an isother-
mal condition. A maximum was observed in the 8, distribution
in the parallel-flow case. This maximum is more pronounced
and occurs closer to the pipe inlet for larger values of B.

The overall heat flux through the pipe reaches a plateau as
A decreases. This plateau corresponds to natural convection
from an isothermal vertical wall embedded in a porous
medium. The counter-flow configuration yields higher overall
heat transfer than for the parallel-flow configuration. This
feature diminishes as the pipe flow rate is increased (or the
parameter B is decreased).
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Entropy Production in
Boundary Layers
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Introduction

HE interpretation of the contemporary problems of ther-
momechanics in terms of entropy production is lately re-
ceiving increased attention. Because of its size, no attempt will
be made here to survey the literature (see, for example, Be-
jan'? for applications involving heat transfer and Arpaci**
and Arpaci and Selamet> for applications involving radiation
and flames). The following brief review on the local entropy
production is for later convenience.
The development of the entropy production in moving me-
dia requires the consideration of the momentum, energy, and
entropy balances. The fundamental difference,

Total energy — (Momentum)v; — (Entropy)T ")

may be rearranged to yield

<Q,l_ TDS ¥ ﬂ) _ g1>a_7' +riaSi +u” Ts™ (2)
Dt ™ "Dt Poi)T T \T/)ax T

where s;; is the rate of deformation. For a reversible process,
all forms of dissipation vanish, and

Du Ds Dv
<—D‘?—TE+pE>—0 3)

which is the Gibbs Thermodynamic relation. For an irre-
versible process, Eq. (3) continues to hold provided the process
can be assumed in local equilibrium. Then, the local entropy
production is found to be

w1 gi\( 9T
g ?[‘(?)(‘a“) ] @

where the first term in brackets denotes the dissipation of
thermal energy into entropy (lost heat), the second term de-
notes the dissipation of mechanical energy into heat (lost
work), and the third term denotes the dissipation of any (ex-
cept thermomechanical) energy into heat. When radiation is
appreciable, g; denotes the total flux involving the sum of the
conductive flux and the radiative flux

ai=qf +qf ®

Neglecting contribution of viscous dissipation and assuming
conductive and radiative heat fluxes to be in the transversal
direction, Eq. (4) may be rearranged as

1 T
s"= -+ qu)<3—y> ©

Foregoing general considerations are applied below to a forced
convection boundary layer.
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